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1. Introduction
The calculation of photon interactions with matter is part of any introductory (or advanced)
course on quantum mechanics. Indeed the evaluation of the Compton scattering cross section is
a standard exercise in relativistic quantum mechanics, since gauge invariance together with the
masslessness of the photon allow the results to be presented in terms of relatively simple analytic
forms [1].
One might expect a similar analysis to be applicable to the interactions of gravitons since, like
photons, gravitons are massless and subject to a gauge invariance. Also, just as virtual photon ex-
change leads to a detailed understanding of electromagnetic interactions between charged systems,
a careful treatment of virtual graviton exchange allows an understanding not just of Newtonian
gravity, but also of spin-dependent phenomena—geodetic precession and Lense-Thirring frame
dragging—associated with general relativity which have recently been verified by gravity probe
B [2]. However, despite these parallels, examination of quantum mechanics texts reveals that (with
one exception [3]) the case of graviton interactions is not discussed in any detail. There are at least
three reasons for this situation:
i) the graviton is a spin-two particle, as opposed to the spin-one photon, so that the interaction
forms are more complex, involving symmetric and traceless second rank tensors rather than
simple Lorentz four-vectors;
ii) there exist fewer experimental results with which to confront the theoretical calculations.
Fundamental questions beyond the detection of quanta of gravitational fields have been ex-
posed in [4];
iii) in order to guarantee gauge invariance one must include, in many processes, the contribution
from a graviton pole term, involving a triple-graviton coupling. This vertex is a sixth rank
tensor and contains a multitude of kinematic forms.
A century after the classical theory of general relativity and Einstein’s1 argument for a quanti-
zation of gravity [5], we are still seeking an experimental signature of quantum gravity effects. This
paper presents and extends recent works, where elementary quantum gravity processes display new
and very distinctive behaviors.
Recently, however, using powerful (string-based) techniques, which simplify conventional
quantum field theory calculations, it has been demonstrated that the scattering of gravitons from an
elementary target of arbitrary spin factorizes [6], a feature that had been noted ten years previously
by Choi et al. based on gauge theory arguments [7]. This factorization property, which is sometime
concisely described by the phrase “gravity is the square of a gauge theory", permits a relatively
elementary evaluation of various graviton amplitudes and opens the possibility of studying gravita-
tional processes in physics coursework. In an earlier paper by one of us [8] it was shown explicitly
1Gleichwohl müßten die Atome zufolge der inneratomischen Elektronenbewegung nicht nur elektromagnetische,
sondern auch Gravitationsenergie ausstrahlen, wenn auch in winzigem Betrage. Da dies in Wahrheit in der Natur nicht
zutreffen dürfte, so scheint es, daß die Quantentheorie nicht nur die Maxwellsche Elektrodynamik, sondern auch die
neue Gravitationstheorie wird modifizieren müssen
2
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how, for both spin-0 and spin- 12 targets, the use of factorization enables elementary calculation of
both the graviton photoproduction,
γ+S→ g+S,
and gravitational Compton scattering,
g+S→ g+S,
reactions in terms of elementary photon reactions. This simplification means that graviton inter-
actions can now be discussed in a basic quantum mechanics course and opens the possibility of
treating interesting cosmological applications.
In the present paper we extend the work begun in [8] to the case of a spin-1 target and demon-
strate and explain the origin of various universalities, i.e., results which are independent of target
spin. In addition, by taking the limit of vanishing target mass we show how both graviton-photon
and graviton-graviton scattering may be determined using elementary methods.
In section 2 then, we review the electromagnetic interactions of a spin one system. In section
3 we calculate the ordinary Compton scattering cross section for a spin-1 target and compare with
the analogous spin-0 and spin- 12 forms. In section 4 we examine graviton photoproduction and
gravitational Compton scattering for a spin-1 target and again compare with the analogous spin-0
and spin- 12 results. In section 5 we study the massless limit and show how both photon-graviton and
graviton-graviton scattering can be evaluated, resolving a subtlety which arises in the derivation.
Section 6 discusses some intriguing properties of the forward cross-section. In section 7 we review
the classical physics calculation of the bending of light, including both lowest order and next to
leading order corrections. After a derivation of the gravitational interaction of massless and massive
systems in section 8, in section 9 we present at an alternative derivation in terms of geometrical
optics, which uses the wave interpretation of light propagation. Then in section 10, we examine an
additional way to derive the light bending, in terms of a quantum mechanical small angle scattering
(eikonal) picture following the approach in [9]. A brief concluding section summarizes our results.
The equivalence between results derived via these on the surface disparate techniques serves as an
interesting example which can introduce students to new ways to analyze a familiar problem. Two
appendices contain formalism and calculational details.
2. Spin One Interactions: a Lightning Review
We begin by reviewing the photon and graviton interactions of a spin-1 system. Recall that for
a massive spin-0 system, we generate the photon interactions by writing down the free Lagrangian
for a scalar field φ
L S=00 = ∂µφ
†∂ µφ −m2φ †φ , (2.1)
and making the minimal substitution [10]
i∂µ −→ iDµ ≡ i∂µ − eAµ .
This procedure leads to the familiar interaction Lagrangian
L S=0int =−iAµφ †
←→
∂ µφ + e2AµAνηµνφ †φ , (2.2)
3
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where e is the particle charge and Aµ is the photon field, and implies the one- and two-photon
vertices
〈p f |V (1)µem |pi〉 = ie(p f + pi)µ ,
〈p f |V (2)µνem |pi〉 = 2ie2ηµν . (2.3)
The corresponding charged massive spin-1 Lagrangian has the Proca form [11]
L S=10 =−
1
2
B†µνB
µν +m2B†µB
µ , (2.4)
where Bµ is a spin one field subject to the constraint ∂µBµ = 0 and Bµν is the antisymmetric tensor
Bµν = ∂ µBν −∂ νBµ . (2.5)
The minimal substitution then leads to the interaction Lagrangian
L S=1int = i eA
µBν†
(
ηνα
←→
∂ µ −ηαµ
←→
∂ ν
)
Bα − e2AµAν(ηµνηαβ −ηµαηνβ )Bα†Bβ , (2.6)
and the one, two photon vertices〈
p f ,εB
∣∣V (1)µem ∣∣ pi,εA〉S=1 = −i eε∗Bβ ((p f + pi)µηαβ −ηβµ pαf −ηαµ pβi )εAα ,〈
p f ,εB
∣∣V (2)µνem ∣∣ pi,εA〉S=1 = i e2 ε∗Bβ (2ηαβηµν −ηαµηβν −ηανηβµ)εAα . (2.7)
However, Eq. (2.7) is not the correct result for a fundamental spin-1 particle such as the charged
W -boson. Because the W arises in a gauge theory, the field tensor is not given by Eq. (2.5) but
rather is generated from the charged—
√
1
2(x± iy)—component of
Bµν = DµBν −DνBµ −ggaBµ ×Bν , (2.8)
where gga is the gauge coupling. This modification implies the existence of an additional W±γ
interaction, leading to an “extra" contribution to the single photon vertex〈
p f ,εB
∣∣δV (1)µem ∣∣ pi,εA〉S=1 = i eε∗Bβ (ηαµ(pi− p f )β −ηβµ(pi− p f )α))εAα . (2.9)
The significance of this term can be seen by using the mass-shell Proca constraints pi ·εA= p f ·εB=
0 to write the total on-shell single photon vertex as〈
p f ,εB
∣∣(Vem+δVem)µ ∣∣ pi,εA〉S=1 = −i eε∗Bβ ((p f + pi)µηαβ −2ηβµ(pi− p f )α
− 2ηαµ(pi− p f )β
)
εAα , (2.10)
wherein, comparing with Eq. 2.9, we observe that the coefficient of the term −ηαµ(pi− p f )β +
ηβµ(pi− p f )α has been modified from unity to two. Since the rest frame spin operator can be
identified via2
B†i B j−B†jBi =−iεi jk
〈
f
∣∣Sk∣∣ i〉 , (2.12)
2Equivalently, one can use the relativistic identity
ε∗Bµq · εA− εAµq · ε∗B =
1
1− q2m2
(
i
m
εµβγδ p
β
i q
γSδ − 1
2m
(p f + pi)µε∗B ·qεA ·q
)
, (2.11)
where Sδ = i2m ε
δστζ ε∗Bσ εAτ (p f + pi)ζ is the spin four-vector.
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the corresponding piece of the nonrelativistic interaction Lagrangian becomes
Lint =−g e2m
〈
f
∣∣S∣∣ i〉 ·∇×A , (2.13)
where g is the gyromagnetic ratio and we have included a factor 2m which accounts for the nor-
malization condition of the spin one field. Thus the “extra" interaction required by a gauge theory
changes the g-factor from its Belinfante value of unity [12] to its universal value of two, as orig-
inally proposed by Weinberg [13] and more recently buttressed by a number of additional argu-
ments [14]. Henceforth in this manuscript then we shall assume the g-factor of the spin-1 system to
have its “natural” value g= 2, since it is in this case that the high-energy properties of the scattering
are well controlled and the factorization properties of gravitational amplitudes are valid [15].
3. Compton Scattering
The vertices given in the previous section can now be used to evaluate the ordinary Compton
scattering amplitude,
γ+S→ γ+S,
for a spin-1 system having charge e and mass m by summing the contributions of the three diagrams
shown in Figure 1, yielding
AmpCompS=1 = 2e
2
{
εA · ε∗B
[εi · piε∗f · p f
pi · ki −
εi · p f ε∗f · pi
pi · k f − εi · ε
∗
f
]
−
[
εA · [ε∗f ,k f ] · ε∗B
(
εi · pi
pi · ki −
εi · p f
pi · k f
)
− εA · [εi,ki] · ε∗B
(
ε f · p f
pi · ki −
ε∗f · pi
pi · k f
)]
−
[
1
pi · ki εA · [εi,ki] · [ε
∗
f ,k f ] · ε∗B−
1
pi · k f εA · [ε
∗
f ,k f ] · [εi,ki]ε∗B
]}
, (3.1)
with the momentum conservation condition pi+ ki = p f + k f . We can verify the gauge invariance
of the above form by noting that this amplitude can be written in the equivalent form
AmpCompS=1 =
2e2
pi · kipi · k f
{
ε∗B · εA(pi ·Fi ·Ff · pi)
+
[
(ε∗B ·Ff · εA)(pi ·Fi · p f )+(ε∗B ·Fi · εA)(pi ·Ff · p f )
]
−
[
pi · k f (ε∗B ·Ff ·Fi · εA)− pi · ki(ε∗B ·Fi ·Ff · εA)
]}
, (3.2)
where the electromagnetic field tensors are Fµνi = ε
µ
i k
ν
i − ενi kµi and Fµνf = ε∗µf kνf − ε∗νf kµf . Since
Fi, f are obviously invariant under the substitutions εi, f → εi, f + λki, f , i = 1,2, it is clear that
Eq. (3.1) satisfies the gauge invariance strictures
ε∗µf k
ν
i Amp
Comp
µν ,S=1 = k
µ
f ε
ν
i Amp
Comp
µν ,S=1 = 0 . (3.3)
In order to make the transition to gravity, it is useful to utilize the helicity formalism [16],
wherein one evaluates the matrix elements of the Compton amplitude between initial and final
5
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(a) (b) (c)
Figure 1: Diagrams relevant to Compton scattering.
spin-1 and photon states having definite helicity, where helicity is defined as the projection of the
particle spin along the momentum direction. We work initially in the center of mass frame and, for
a photon incident with four-momentum kµi = pCM(1, zˆ), we choose the polarization vectors
ελii =−
λi√
2
(
xˆ+ iλiyˆ
)
, λi =± , (3.4)
while for an outgoing photon with kµf = pCM(1,cosθCMzˆ+ sinθCMxˆ) we use polarizations
ελ ff =−
λ f√
2
(
cosθCMxˆ+ iλ f yˆ− sinθCMzˆ
)
, λ f =± . (3.5)
We can define corresponding helicity states for the spin-1 system. In this case the initial and final
four-momenta are pµi = (ECM,−pCMzˆ) and pµf =
(
ECM,−pCM(cosθCMzˆ+ sinθCMxˆ)
)
and there
exist two transverse polarization four-vectors
ε±µA =
(
0,
±xˆ− iyˆ√
2
)
,
ε±µB =
(
0,
±cosθCMxˆ+ iyˆ∓ sinθCMzˆ√
2
)
, (3.6)
in addition to the longitudinal mode with polarization four-vectors
ε0µA =
1
m
(
pCM,−ECMzˆ
)
,
ε0µB =
1
m
(
pCM,−ECM(cosθCMzˆ+ sinθCMxˆ)
)
, (3.7)
In terms of the usual invariant kinematic (Mandelstam) variables
s=
(
pi+ ki
)2
, t =
(
ki− k f
)2
, u=
(
pi− k f
)2
, (3.8)
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we identify
pCM =
s−m2
2
√
s
,
ECM =
s+m2
2
√
s
,
cos
1
2
θCM =
(
(s−m2)2+ st
) 1
2
s−m2 =
(
m4− su
) 1
2
s−m2 ,
sin
1
2
θCM =
(− st) 12
s−m2 . (3.9)
The invariant cross-section for unpolarized Compton scattering is then given by
dσCompS=1
dt
=
1
16pi(s−m2)2
1
3
∑
a,b=−,0,+
1
2
∑
c,d=−,+
∣∣∣B1(ab;cd)∣∣∣2 , (3.10)
where
B1(ab;cd) =
〈
p f ,b;k f ,d
∣∣AmpCompS=1 ∣∣ pi,a;ki,c〉 , (3.11)
is the Compton amplitude for scattering of a photon with four-momentum ki, helicity a from a
spin-1 target having four-momentum pi, helicity c to a photon with four-momentum k f , helicity
d and target with four-momentum p f , helicity b. The helicity amplitudes can now be calculated
straightforwardly. There exist 32 × 22 = 36 such amplitudes but, since helicity reverses under
spatial inversion, parity invariance of the electromagnetic interaction requires that3
∣∣B1(ab;cd)∣∣= ∣∣B1(−a−b;−c−d)∣∣ .
Also, since helicity is unchanged under time reversal, but initial and final states are interchanged,
T-invariance of the electromagnetic interaction requires that
∣∣B1(ab;cd)∣∣= ∣∣B1(ba;dc)∣∣ .
Consequently there exist only twelve independent helicity amplitudes. Using Eq. (3.1) we calculate
the various helicity amplitudes in the center of mass frame and then write these results in terms of
3Note that we require only that the magnitudes of the helicity amplitudes related by parity and/or time reversal be
the same. There could exist unobservable phases.
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invariants using Eq. (3.9), yielding
∣∣B1(++;++)∣∣ = ∣∣B1(−−;−−)∣∣= 2e2 ((s−m2)2+m2t)2
(s−m2)3(u−m2) ,∣∣B1(++;−−)∣∣ = ∣∣B1(−−;++)∣∣= 2e2 (m4− su)2
(s−m2)3(u−m2) ,∣∣B1(+−;+−)∣∣ = ∣∣B1(−+;−+)∣∣= 2e2 m4t2
(s−m2)3(u−m2) ,∣∣B1(+−;−+)∣∣ = ∣∣B1(−+;+−)∣∣= 2e2 s2t2
(s−m2)3(u−m2) ,∣∣B1(++;+−)∣∣ = ∣∣B1(−−;−+)∣∣= ∣∣B1(++;−+)∣∣= ∣∣B1(−−;+−)∣∣ ,
= 2e2
m2t(m4− su)
(s−m2)3(u−m2) ,∣∣B1(+−;++)∣∣ = ∣∣B1(−+;−−)∣∣= ∣∣B1(−+;++)∣∣= ∣∣B1(+−;−−)∣∣ ,
= 2e2
m2t(m4− su)
(s−m2)3(u−m2) . (3.12)
and ∣∣B1(0+;++)∣∣ = ∣∣B1(0−;−−)∣∣= ∣∣B1(+0;++)∣∣= ∣∣B1(−0;−−)∣∣ ,
= 2e2
√
2m
(
tm2+(s−m2)2)√−t(m4− su)
(s−m2)3(u−m2) ,∣∣B1(0+;+−)∣∣ = ∣∣B1(0−;−+)∣∣= ∣∣B1(+0;−+)∣∣= ∣∣B1(−0;+−)∣∣ ,
= 2e2
√
2mst
√
−t(m4− su)
(s−m2)3(u−m2) ,∣∣B1(0+;−+)∣∣ = ∣∣B1(0−;+−)∣∣= ∣∣B1(+0;+−)∣∣= ∣∣B1(−0;−+)∣∣ ,
= 2e2
√
2m3t
√
−t(m4− su)
(s−m2)3(u−m2) ,∣∣B1(0+;−−)∣∣ = ∣∣B1(0−;++)∣∣= ∣∣B1(+0;−−)∣∣= ∣∣B1(−0;++)∣∣ ,
= 2e2
√
2m
(− t(m4− su)) 32
(s−m2)3t(u−m2) ,∣∣B1(00;++)∣∣ = ∣∣B1(00;−−)∣∣= 2e2 (2tm2+(s−m2)2)(m4− su)
(s−m2)3(u−m2) ,∣∣B1(00;+−)∣∣ = ∣∣B1(00;−+)∣∣= 2e2 (m2t((s−m2)2+2st)
(s−m2)3(u−m2) . (3.13)
Substitution into Eq. (3.10) then yields the invariant cross-section for unpolarized Compton scat-
tering from a charged spin-1 target
dσCompS=1
dt
=
e4
12pi(s−m2)4(u−m2)2
[
(m4− su+ t2)(3(m4− su)+ t2)+ t2(t−m2)(t−3m2)] ,
(3.14)
8
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which can be compared with the corresponding results for unpolarized Compton scattering from
charged spin-0 and spin- 12 targets found in ref. [8]—
dσCompS=0
dt
=
e4
4pi(s−m2)4(u−m2)2
[
(m4− su)2+m4t2] ,
dσComp
S= 12
dt
=
e4
8pi(s−m2)4(u−m2)2
[
(m4− su)(2(m4− su)+ t2)+m2t2(2m2− t)] .
(3.15)
Often such results are written in the laboratory frame, wherein the target is at rest, by use of the
relations
s−m2 = 2mωi, u−m2 =−2mω f ,
m4− su = 4m2ωiω f cos2 θL2 , m
2t =−4m2ωiω f sin2 θL2 , (3.16)
and
dt
dΩ
=
d
2pid cosθL
(
− 2ω
2
i (1− cosθL)
1+ ωim (1− cosθL)
)
=
ω2f
pi
. (3.17)
Introducing the fine structure constant α = e2/4pi , we find then
dσComplab,S=1
dΩ
=
α2
m2
ω4f
ω4i
[(
cos4
θL
2
+ sin4
θL
2
)(
1+2
ωi
m
sin2
θL
2
)2
+
16ω2i
3m2
sin4
θL
2
(
1+2
ωi
m
sin2
θL
2
)
+
32ω4i
3m4
sin8
θL
2
]
,
dσComp
lab,S= 12
dΩ
=
α2
m2
ω3f
ω3i
[(
cos4
θL
2
+ sin4
θL
2
)(
1+2
ωi
m
sin2
θL
2
)
+2
ω2i
m2
sin4
θL
2
]
,
dσComplab,S=0
dΩ
=
α2
m2
ω2f
ω2i
[
cos4
θL
2
+ sin4
θL
2
]
. (3.18)
We observe that the nonrelativistic laboratory cross-section has an identical form for any spin
dσComplab,S
dΩ
∣∣∣∣∣
NR
=
α2
m2
[(
cos4
θL
2
+ sin4
θL
2
)(
1+O
(ωi
m
))]
, (3.19)
which follows from the universal form of the Compton amplitude for scattering from a spin-S target
in the low-energy (ω  m) limit, which in turn arises from the universal form of the Compton
amplitude for scattering from a spin-S target in the low-energy limit—〈
S,M f ;ε f
∣∣AmpCompS ∣∣S,Mi;εi〉ωm = 2e2 ε∗f · εi δMi,M f + . . . , (3.20)
which obtains in an effective field theory approach to Compton scattering [17].4
4That the seagull contribution dominates the non relativistic cross-section is clear from the feature that
AmpBorn ∼ 2e2
ε∗f · pεi · p
p · k ∼
ω
m
×Ampseagull = 2e2ε∗f · εi. (3.21)
9
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4. Gravitational Interactions
In the previous section we discussed the treatment the familiar electromagnetic interaction,
using Compton scattering on a spin-1 target as an example. In this section we show how the gravi-
tational interaction can be evaluated via methods parallel to those used in the electromagnetic case.
An important difference is that while in the electromagnetic case we have the simple interaction
Lagrangian
Lint =−eAµJµ , (4.1)
where Jµ is the electromagnetic current matrix element, for gravity we have
Lint =
κ
2
hµνT µν . (4.2)
Here the field tensor hµν is defined in terms of the metric via
gµν = ηµν +κhµν , (4.3)
where κ is given in terms of the Cavendish constant G by κ2 = 32piG. The Einstein-Hilbert action
is
SEinstein−Hilbert =
∫
d4x
√−g 2
κ2
R , (4.4)
where √−g≡
√
−detg= exp 1
2
trlogg= 1+
1
2
ηµνhµν + . . . , (4.5)
is the square root of the determinant of the metric and R= Rλ µλνgµν is the Ricci scalar curvature
obtained by contracting the Riemann tensor Rµνρσ with the metric tensor. The energy-momentum
tensor is defined in terms of the matter Lagrangian via
Tµν =
2√−g
δ
√−gL mat
δgµν
. (4.6)
The spin-1 single graviton emission vertex shown in figure 2(a) can now be identified
p1
p2
µν
p1
p2
µν
ρσ
Figure 2: (a) The one-graviton and (b) two-graviton emission vertices from either a scalar, spinor or vector
particle.
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〈
p f ,εB
∣∣V (1)µνgrav ∣∣ pi,εA〉S=1 = −i κ2
[
ε∗B · εA
(
pµi p
ν
f + p
ν
i p
µ
f
)− ε∗B · pi (pµf ενA + εµA pνf )
− εA · p f
(
pνi ε
∗µ
B + p
µ
i ε
∗ν
B
)
+
(
p f · pi−m2
)(
εµA ε
∗ν
B + ε
ν
Aε
∗µ
B
)
− ηµν
[(
pi · p f −m2
)
ε∗B · εA− ε∗B · pi εA · p f
]]
. (4.7)
There also exist two-graviton (seagull) vertices shown in figure 2(b), which can be found by ex-
panding the stress-energy tensor to second order in hµν .
〈
p f ,εB;k f
∣∣V (2)µν ,ρσgrav ∣∣ pi,εA;ki〉S=1=−i κ24 εαA (εβB )∗
{
+
[
piβ p fα − ηαβ (pi · p f −m2)
](
ηµρηνσ +ηµσηνρ −ηµνηρσ
)
+ ηµρ
[
ηαβ
(
piν p fσ + piσ p fν
)
−ηαν piβ p fσ −ηβν piσ p fα
− ηβσ piν p fα −ηασ piβ p fν +(pi · p f −m2
)(
ηανηβσ +ηασηβν
)]
+ ηµσ
[
ηαβ
(
piν p fρ + piρ p fν
)
−ηαν piβ p fρ −ηβν piρ p fα
− ηβρ piν p fα −ηαρ piβ p fν +(pi · p f −m2
)
ηανηβρ +ηαρηβν
)]
+ ηνρ
[
ηαβ
(
piµ p fσ + piσ p fµ
)
−ηαµ piβ p fσ −ηβµ piσ p fα
− ηβσ piµ p fα −ηασ piβ p fµ +(pi · p f −m2
)(
ηαµηβσ +ηασηβµ
)]
+ ηνσ
[
ηαβ
(
piµ p fρ + piρ p fµ
)
−ηαµ piβ p fρ −ηβµ piρ p fα
− ηβρ piµ p fα −ηαρ piβ p fµ +(pi · p f −m2
)(
ηαµηβρ +ηαρηβµ
)]
− ηµν
[
ηαβ
(
piρ p fσ + piσ p fρ
)
−ηαρ piβ p fσ −ηβρ piσ p fα
− ηβσ piρ p fα −ηασ piβ p fρ +
(
pi · p f −m2
)(
ηαρηβσ +ηβρηασ
)]
− ηρσ
[
ηαβ
(
piµ p fν + piν p fµ
)
−ηαµ piβ p fν −ηβµ piν p fα
− ηβν piµ p fα −ηαν piβ p fµ +(pi · p f −m2
)(
ηαµηβν +ηβµηαν
)]
+
(
ηαρ piµ −ηαµ piρ
)(
ηβσ p fν −ηβµ p fσ
)
+
(
ηασ piν −ηαν piσ
)(
ηβρ p fµ −ηβµ p fρ
)
+
(
ηασ piµ −ηαµ piσ
)(
ηβρ p fν −ηβν p fρ
)
+
(
ηαρ piν −ηαν piρ
)(
ηβσ p fµ −ηβµ p fσ
)}
. (4.8)
Finally, we require the triple graviton vertex of figure 3
τµναβ ,γδ (k,q)=−
iκ
2
[(
Iαβ ,γδ −
1
2
ηαβηγδ
) [
kµkν +(k−q)µ(k−q)ν +qµqν − 3
2
ηµνq2
]
+ 2qλqσ
[
Iλσ ,αβ I
µν ,
γδ + I
λσ ,
γδ I
µν ,
αβ − Iλµ,αβ Iσν ,γδ − Iσν ,αβ Iλµ,γδ
]
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µν
αβ
γδ
k − q
k
q
Figure 3: The three graviton vertex
+
[
qλq
µ(ηαβ Iλν ,γδ +ηγδ Iλν ,αβ )+qλqν(ηαβ Iλµ,γδ +ηγδ Iλµ,αβ)
− q2(ηαβ Iµν ,γδ +ηγδ Iµν ,αβ )−ηµνqλqσ (ηαβ Iγδ ,λσ +ηγδ Iαβ ,λσ)]
+
[
2qλ
(
Iσν ,γδ Iαβ ,λσ (k−q)µ+Iσµ,γδ Iαβ ,λσ (k−q)ν − Iσν ,αβ Iγδ ,λσkµ−Iσµ,αβ Iγδ ,λσkν
)
+ q2
(
Iσµ,αβ Iγδ ,σ
ν + Iαβ ,σ
ν Iσµ,γδ
)
+ηµνqλqσ
(
Iαβ ,λρ I
ρσ ,
γδ + Iγδ ,λρ I
ρσ ,
αβ
)]
+
[(
k2+(k−q)2)(Iσµ,αβ Iγδ ,σ ν + Iσν ,αβ Iγδ ,σ µ − 12ηµν(Iαβ ,γδ − 12ηαβηγδ ) )
− (k2ηαβ Iµν ,γδ +(k−q)2ηγδ Iµν ,αβ)] ] , (4.9)
where
Iαβ ,γδ =
1
2
(ηαγηβδ +ηαδηβγ) . (4.10)
We work in harmonic (de Donder) gauge which satisfies, in lowest order,
∂ µhµν =
1
2
∂νh , (4.11)
with
h≡ trhµν , (4.12)
in which the graviton propagator has the form
Dαβ ;γδ (q) =
i
q2+ iε
1
2
(ηαγηβδ +ηαδηβγ −ηαβηγδ ) . (4.13)
Then just as the (massless) photon is described in terms of a spin-1 polarization vector εµ which
can have projection (helicity) either plus- or minus-1 along the momentum direction, the (massless)
graviton is a spin-2 particle which can have the projection (helicity) either plus- or minus-2 along
the momentum direction. Since hµν is a symmetric tensor, it can be described in terms of a direct
product of unit spin polarization vectors—
helicity = +2 : h(2)µν = ε+µ ε
+
ν ,
helicity = −2 : h(−2)µν = ε−µ ε−ν , (4.14)
and, just as in electromagnetism, there is a gauge condition—in this case Eq. (4.11)—which must
be satisfied. Note that the helicity states given in Eq. (4.14) are consistent with the gauge require-
ment since
ηµνε+µ ε
+
ν = η
µνε−µ ε
−
ν = 0, and k
µε±µ = 0 . (4.15)
With this background we can now examine specific graviton reactions.
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4.1 Graviton Photo-production
We first use the above results to discuss the problem of graviton photo-production on a spin-1
target—γ + S→ g+ S—for which the relevant four diagrams are shown in Figure 4. The elec-
tromagnetic and gravitational vertices needed for the Born terms and photon pole diagrams—
Figures 4a, 4b, and 4d—have been given above. For the photon pole diagram we require the
graviton-photon coupling, which can be found from the electromagnetic energy-momentum ten-
sor [10]
Tµν =−FµαFαν +
1
4
gµνFαβF
αβ , (4.16)
and yields the photon-graviton vertex5〈
k f ,ε f
∣∣V (γ)µνgrav ∣∣ki,εi〉 = i κ2 [ε∗f · εi(kµi kνf + kνi kµf )− ε∗f · ki(kµf ενi + εµi kνf )
− εi · k f
(
kνi ε
∗µ
f + k
µ
i ε
∗ν
f
)
+ k f · ki
(
εµi ε
∗ν
f + ε
ν
i ε
∗µ
f
)
− ηµν [k f · kiε∗f · εi− ε∗f · kiεi · k f ] ] . (4.17)
(a) (b)
(c) (d)
Figure 4: Diagrams relevant to graviton photo-production.
Finally, we need the seagull vertex which arises from the feature that the energy-momentum
tensor depends on pi, p f and therefore yields a contact interaction when the minimal substitution
is made, yielding the spin-1 seagull amplitude shown in Figure 4c.〈
p f ,εB;k f ,ε f ε f
∣∣T ∣∣ pi,εA;ki,εi〉seagull = i2 κ e [ε∗f · (p f + pi)ε∗f · εi ε∗B · εA
− ε∗B · εi ε∗f · p f ε∗f · εA− ε∗B · pi ε∗f · εi ε∗f · εA− εA · εi ε∗f · pi ε∗f · ε∗B
− εA · p f ε∗f · εi ε∗f · ε∗B− ε∗f · εA εi · (p f + pi)ε∗f · ε∗B
]
. (4.18)
5Note that this form agrees with the previously derived form for the massive graviton-spin-1 energy-momentum
tensor—Eq. (4.7)—in the m→ 0 limit.
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The individual contributions from the four diagrams in Figure 4 are given in Appendix B and have
a rather complex form. However, when added together we find a much simpler result. The full
graviton photo-production amplitude is found to be proportional to the already calculated Compton
amplitude for spin-1—Eq. (3.1)—times a universal kinematic factor. That is,〈
p f ;k f ,ε f ε f
∣∣T ∣∣pi;ki,εi〉= ∑
i=a,b,c,d
Amp(Fig.4(i)) = H×
(
ε∗fαεiβT
αβ
Compton(S= 1)
)
, (4.19)
where
H =
κ
2e
p f ·Ff · pi
ki · k f =
κ
2e
ε∗f · p f k f · pi− ε∗f · pi k f · p f
ki · k f , (4.20)
and ε∗fαεiβT
αβ
Compton(S) is the spin-1 Compton scattering amplitude calculated in the previous sec-
tion. The gravitational and electromagnetic gauge invariance of Eq. (4.19) is obvious, since it
follows directly from the gauge invariance already shown for the Compton amplitude together with
the explicit gauge invariance of the factor H. The validity of Eq. (4.19) allows the straightforward
calculation of the cross-section by helicity methods since the graviton photo-production helicity
amplitudes are given simply by
C1(ab;cd) = H×B1(ab;cd) , (4.21)
where B1(ab;cd) are the Compton helicity amplitudes found in the previous section. We can then
evaluate the invariant photo-production cross-section using
dσphotoS=1
dt
=
1
16pi
(
s−m2)2 13
∑
a=−,0,+
1
2
∑
c=−,+
∣∣C1(ab;cd)∣∣2 , (4.22)
yielding
dσphotoS=1
dt
= − e
2κ2(m4− su)
96pit
(
s−m2)4(u−m2)2
[
(m4− su+ t2)(3(m4− su)+ t2)
+ t2(t−m2)(t−3m2)
]
. (4.23)
Since
|H|= κ
e
(
m4− su
−2t
) 1
2
, (4.24)
the laboratory value of the factor H is
|Hlab|2 = κ
2m2
2e2
cos2 12θL
sin2 12θL
, (4.25)
and the corresponding laboratory cross-section is
dσphotolab,S=1
dΩ
=
∣∣Hlab∣∣2 dσComplab,S=1dt
= Gα cos2
θL
2
(
ω f
ωi
)4[(
ctn2
θL
2
cos2
θL
2
+ sin2
θL
2
)(
1+2
ωi
m
sin2
θL
2
)2
+
16ω2i
3m2
sin2
θL
2
(
1+2
ωi
m
sin2
θL
2
)
+
32ω4i
3m4
sin6
θL
2
]
. (4.26)
14
Illuminating Light Bending Pierre Vanhove
Comparing Eq. (4.26) with the spin-0 and spin- 12 cross sections found in [8]
dσphotolab,S=0
dΩ
= Gα cos2
θL
2
(
ω f
ωi
)2[
ctn2
θL
2
cos2
θL
2
+ sin2
θL
2
]
dσphoto
lab,S= 12
dΩ
= Gα cos2
θL
2
(
ω f
ωi
)3[(
ctn2
θL
2
cos2
θL
2
+ sin2
θL
2
)
+
2ωi
m
(
cos4
θL
2
+ sin4
θL
2
)
+ 2
ω2i
m2
sin2
θL
2
]
, (4.27)
we see that, just as in Compton scattering, the low-energy laboratory cross-section has a universal
form, which is valid for a target of arbitrary spin
dσphotolab,S
dΩ
= Gα cos2
θL
2
(
ctn2
θL
2
cos2
θL
2
+ sin2
θL
2
)(
1+O
(ωi
m
))
. (4.28)
In this case the universality can be understood from the feature that at low-energy the leading
contribution to the graviton photo-production amplitude comes not from the seagull, as in Compton
scattering, but rather from the photon pole term,
Ampγ−pole −→ωm κ
ε∗f · εi ε∗f · ki
2k f · ki × k
µ
i
〈
p f ;S,M f
∣∣Jµ ∣∣pi;S,Mi〉 . (4.29)
The leading piece of the electromagnetic current has the universal low-energy structure〈
p f ;S,M f
∣∣Jµ ∣∣ pi;S,Mi〉= e2m(p f + pi)µδM f ,Mi
(
1+O
( p f − pi
m
))
, (4.30)
where we have divided by the factor 2m to account for the normalization of the target particle.
Since ki · (p f + pi) −→
ω→0
2mω , we find the universal low-energy amplitude
AmpNRγ−pole = κ eω
ε∗f · εi ε∗f · ki
2k f · ki , (4.31)
whereby the helicity amplitudes have the form
AmpNRγ−pole =
κ e
2
√
2

1
2 sinθL
(
1+cosθL
1−cosθL
)
=
cos θL2
sin θL2
cos2 θL2 ++=−− ,
1
2 sinθL
(
1−cosθL
1−cosθL
)
=
cos θL2
sin θ2
sin2 θL2 +−=−+ .
(4.32)
Squaring and averaging, summing over initial, final spins we find then
dσphotolab,S
dΩ
−→
ωm Gα cos
2 θL
2
[(
ctn2
θL
2
cos2
θL
2
+ sin2
θL
2
)(
1+O
(ωi
m
))]
, (4.33)
as determined above—cf. Eq. (4.28).
Comparing the individual contributions from the Appendix B with the simple forms above,
the power of factorization is obvious and, as we shall see in the next section, permits the straight-
forward evaluation of even more complex reactions such as gravitational Compton scattering.
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4.2 Gravitational Compton Scattering
In the previous section we observed the power of factorization in the context of graviton photo-
production on a spin-1 target in that we only needed to calculate the simpler Compton scattering
process rather than to consider the full gravitational interaction description. In this section we
consider an even more challenging example, that of gravitational Compton scattering—g+ S→
g+S—from a spin-1 target, for which there exist the four diagrams shown in Figure 5.
(a) (b)
(c) (d)
Figure 5: Diagrams relevant for gravitational Compton scattering.
The contributions from the four individual diagrams can be calculated using the graviton ver-
tices given above and are quoted in Appendix B. Each of the four diagrams has a rather complex
form. However, when added together the total again simplifies enormously. Defining the kinematic
factor
Y =
κ2
8e4
pi · ki pi · k f
ki · k f =
κ4
16e4
(s−m2)(u−m2)
t
, (4.34)
the sum of the four diagrams is found to be
〈
p f ,εB;k f ,ε f ε f
∣∣Ampgrav∣∣ pi,εA;ki,εiεi〉S = 4∑
i=1
Amp(Fig.5(i))
= Y×]〈p f ,εB;ki,ε f ∣∣Ampem∣∣ pi,εA;ki,εi〉S×〈p f ;ki,ε f ∣∣Ampem∣∣ pi;ki,εi〉S=0 ,
(4.35)
with S= 1, where
〈p f ;ki,ε f |Ampem|pi;ki,εi〉S=0 = 2e2
[εi · pi ε∗f · p f
pi · ki −
εi · p f ε∗f · pi
pi · k f − ε
∗
f · εi
]
, (4.36)
is the Compton amplitude for a spinless target.
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In [8] the identity Eq. (4.35) was verified for simpler cases of S= 0 and S= 12 . This relation is
a consequence of the general connections between gravity and gauge theory tree-level amplitudes
derived using string-based methods as explained in [18]. Here we have demonstrated its validity
for the much more complex case of spin-1 scattering. The corresponding cross-section can be
calculated by helicity methods using
D1(ab;cd) = Y ×B1(ab;cd)×A0(cd) , (4.37)
where D1(ab;cd) is the spin-1 helicity amplitude for gravitational Compton scattering, B1(ab;cd)
is the ordinary spin-1 Compton helicity amplitude calculated in section 3, and
A0(++) = 2e2
m4− su(
s−m2)(u−m2) ,
A0(+−) = 2e2 −m
2t(
s−m2)(u−m2) , (4.38)
are the helicity amplitudes for spin zero Compton scattering rising from Eq. 4.36 calculated in
[8]. Using Eq. (4.35) the invariant cross-section for unpolarized spin-1 gravitational Compton
scattering
dσg−CompS=1
dt
=
1
16pi
(
s−m2)2 13
∑
a=−,0,+
1
2
∑
c=−,+
∣∣D1(ab;cd)∣∣2 , (4.39)
is found to be
dσg−CompS=1
dt
=
κ4
768pi
(
s−m2)4(u−m2)2t2 [(m4− su)2(3(m4− su)+ t2)(m4− su+ t2))
+ m4t4(3m2− t)(m2− t)] , (4.40)
and this form can be compared with the unpolarized gravitational Compton cross-sections found in
[8]
dσg−CompS=0
dΩ
=
κ4
256pi
(
s−m2)4(u−m2)2t2
[
(m4− su)4+m8t4
]
dσg−Comp
S= 12
dt
=
κ4
512pi
(
s−m2)4(u−m2t2)2
[(
m4− su)3(2(m4− su)+ t2)+m6t4(2m2− t)] .
(4.41)
The corresponding laboratory frame cross-sections are
dσg−Complab,S=1
dΩ
= G2m2
ω4f
ω4i
[(
ctn4
θL
2
cos4
θL
2
+ sin4
θL
2
)(
1+2
ωi
m
sin2
θL
2
)2
+
16
3
ω2i
m2
(
cos6
θL
2
+ sin6
θL
2
)(
1+2
ωi
m
sin2
θL
2
)
+
16
3
ω4i
m4
sin2
θL
2
(
cos4
θL
2
+ sin4
θL
2
)]
,
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dσg−Comp
lab,S= 12
dΩ
= G2m2
ω3f
ω3i
[(
ctn4
θL
2
cos4
θL
2
+ sin4
θL
2
)
+2
ωi
m
(
ctn2
θL
2
cos6
θL
2
+ sin6
θL
2
)
+ 2
ω2i
m2
(
cos6
θL
2
+ sin6
θL
2
)]
,
dσg−Complab,S=0
dΩ
= G2m2
ω2f
ω2i
[
ctn4
θL
2
cos4
θL
2
+ sin4
θL
2
]
. (4.42)
We observe that the low-energy laboratory cross-section has the universal form for any spin
dσg−Complab,S
dΩ
= G2m2
[(
ctn4
θL
2
cos4
θL
2
+ sin4
θL
2
)(
1+O
(ωi
m
))]
. (4.43)
It is interesting to note that the “dressing" factor for the leading (++) helicity Compton
amplitude— ∣∣Y ∣∣ ∣∣A++∣∣ = κ2
2e2
m4− su
−t
lab−→ κ
2m2
2e2
cos2 θL2
sin2 θL2
, (4.44)
—is simply the square of the photo-production dressing factor H, as might intuitively be expected
since now both photons must be dressed in going from the Compton to the gravitational Compton
cross-section.6 In this case the universality of the nonrelativistic cross-section follows from the
leading contribution arising from the graviton pole term
Ampg−pole −→ωm
κ
4k f · ki
(
ε∗f · εi
)2 (kµf kνf + kµi kνi ) κ2 〈p f ;S,M f ∣∣Tµν ∣∣ pi;S,Mi〉 . (4.46)
Here the matrix element of the energy-momentum tensor has the universal low-energy structure
κ
2
〈
p f ;S,M f
∣∣Tµν ∣∣ pi;S,Mi〉= κ4m (p fµ piν + p fν piµ)δM f ,Mi(1+O( p f − pim )) , (4.47)
where we have divided by the factor 2m to account for the normalization of the target particle. We
find then the universal form for the leading graviton pole amplitude
Ampg−pole −→non−rel
κ2
8mk f · ki
(
ε∗f · εi
)2 (pi · k f p f · k f + pi · ki p f · ki)δM f ,Mi . (4.48)
Since p · k −→
ωm mω the helicity amplitudes become
AmpNRg−pole = 4piGm

(
1+cosθL
)2
2
(
1−cosθL
) = cos4 θL2
sin2 θL2
++=−− ,(
1−cosθL
)2
2
(
1−cosθL
) = sin4 θL2
sin2 θL2
+−=−+ .
(4.49)
Squaring and averaging,summing over initial,final spins we find
dσg−Complab,S
dΩ
−→
ωm G
2m2
[
ctn4
θL
2
cos4
θL
2
+ sin4
θL
2
]
, (4.50)
as found in Eq. (4.43) above.
6In the case of (+−) helicity the “dressing" factor is∣∣Y ∣∣ ∣∣A+−∣∣= κ2
2e2
m2 , (4.45)
so that the non-leading contributions will have different dressing factors.
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5. Graviton-Photon Scattering
In the previous sections we have generalized the results of [8] to the case of a massive spin-1
target. Here we show how these spin-1 results can be used to calculate the cross-section for photon-
graviton scattering. In the Compton scattering calculation we assumed that the spin-1 target had
charge e. However, the photon couplings to the graviton are identical to those of a graviton coupled
to a charged spin-1 system in the massless limit, and one might assume then that, since the results of
the gravitational Compton scattering are independent of charge, the graviton-photon cross-section
can be calculated by simply taking the m→ 0 limit of the graviton-spin-1 cross-section. Of course,
the laboratory cross-section no longer makes sense since the photon cannot be brought to rest, but
the invariant cross-section is well defined
dσg−CompS=1
dt
−→
m→0
4piG2
(
3s2u2−4t2su+ t4)
3s2t2
=
4piG2(s4+u4+ s2u2)
3s2t2
, (5.1)
and it might be (naively) assumed that Eq. (5.1) is the graviton-photon scattering cross-section.
However, this is not the case and the resolution of this problem involves some interesting physics.
We begin by noting that in the massless limit the only nonvanishing helicity amplitudes are
D1(++;++)m=0 = D1(−−;−−)m=0 = 8piG s
2
t
,
D1(−−;++)m=0 = D1(++;−−)m=0 = 8piG u
2
t
,
D1(00;++)m=0 = D1(00;−−)m=0 = 8piG sut , (5.2)
which lead to the cross-section
dσg−CompS=1
dt
=
1
16pis2
1
3
∑
a=+,0,−
1
2
∑
c=+,−
∣∣D1(ab;cd)∣∣2
=
1
16pis2
1
3 ·2 (8piG)
2×2×
[
s4
t2
+
u4
t2
+
s2u2
t2
]
=
4pi
3
G2
s4+u4+ s2u2
s2t2
, (5.3)
in agreement with Eq. (5.1). However, this result reveals the problem. We know that in Coulomb
gauge the photon has only two transverse degrees of freedom, corresponding to positive and neg-
ative helicity—there exists no longitudinal degree of freedom. Thus the correct photon-graviton
cross-section is obtained by deleting the contribution from the D1(00;++) and D1(00;−−) multi-
poles
dσgγ
dt
=
1
16pis2
1
3
∑
a=+,−
1
2
∑
c=+,−
∣∣D1(ab;cd)∣∣2
=
1
16pis2
1
2 ·2
(
8piG
)2×2×[s4
t2
+
u4
t2
]
= 2piG2
s4+u4
s2t2
, (5.4)
which agrees with the value calculated via conventional methods by Skobelev [19]. Alternatively,
since in the center of mass frame
dt
dΩ
=
ωCM
pi
, (5.5)
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we can write the center of mass graviton-photon cross-section in the form
dσCM
dΩ
= 2G2ω2CM
(
1+ cos8 θCM2
sin4 θCM2
)
, (5.6)
again in agreement with the value given by Skobelev [19].
So what has gone wrong here? Ordinarily in the massless limit of a spin-1 system, the longi-
tudinal mode decouples because the zero helicity spin-1 polarization vector becomes
ε0µ −→m→0
1
m
(
p,
(
p+
m2
2p
+ . . .
)
zˆ
)
=
1
m
pµ +
(
0,
m
2p
zˆ
)
+ . . . (5.7)
However, the term proportional to pµ vanishes when contracted with a conserved current by gauge
invariance while the term in m2p vanishes in the massless limit. Indeed that the spin-1 Compton
scattering amplitude becomes gauge invariant for a massless spin-1 system can be seen from the
fact that the Compton amplitude can be written as
AmpCompS=1 −→m→0
e2
pi ·qi pi ·q f
[
Tr
(
FiFfFAFB
)
+Tr
(
FiFAFfFB
)
+Tr
(
FiFAFBFf
)
− 1
4
(
Tr
(
FiFf
)
Tr
(
FAFB
)
+Tr
(
FiFA
)
Tr
(
FfFB
)
+Tr
(
FiFB
)
Tr
(
FfFA
) )]
,
(5.8)
which can be checked by a bit of algebra. Equivalently, one can verify explicitly that the mass-
less spin-1 amplitude vanishes if one replaces either εAµ by piµ or εBµ by p fµ . However, what
takes place when two longitudinal spin-1 particles are present is that the product of longitudinal
polarization vectors is proportional to 1/m2, while the correction term to the four-momentum pµ
is O(m2) so that the product is nonvanishing in the massless limit and this is why the multipole
D(00;++)m=0 = D(00;−−)m=0 is nonzero. One deals with this problem by simply omitting the
longitudinal degree of freedom explicitly, as done above.
5.1 Extra Credit
Before leaving this section it is interesting to note that graviton-graviton scattering can be
treated in a parallel fashion. That is, the graviton-graviton scattering amplitude can be obtained by
dressing the product of two massless spin-1 Compton amplitudes [20]—〈
p f ,εBεB;k f ,ε f ε f
∣∣Amptotgrav∣∣ piεAεA;ki,εiεi〉m=0,S=2 = (5.9)
Y ×〈p f ,εB;k f ,ε f |AmpCompem | pi,εA;kiεi〉m=0,S=1×〈p f ,εB;k f ,ε f |AmpCompem | pi,εA;kiεi〉m=0,S=1 .
Then for the helicity amplitudes we have
E2(++;++)m=0 = Y
(
B1(++;++)m=0
)2
, (5.10)
where E2(++;++) is the graviton-graviton ++;++ helicity amplitude while B1(++;++) is the
corresponding spin-1 Compton helicity amplitude. Thus we find
E2(++;++)m=0 =
κ2
16e4
su
t
×
(
2e2
s
u
)2
= 8piG
s3
ut
, (5.11)
which agrees with the result calculated via conventional methods [21].
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6. The forward cross-section
It is interesting to note some intriguing physics associated with the forward-scattering limit.
In this limit, i.e., θL→ 0, in the laboratory frame, the Compton cross-section evaluated in section 3
has a universal structure independent of the spin S of the massive target
lim
θL→0
dσComplab,S
dΩ
=
α2
2m2
, (6.1)
reproducing the well-known Thomson scattering cross-section.
For graviton photo-production, however, the small-angle limit is very different, since the
forward-scattering cross-section is divergent—the small angle limit of the graviton photo-production
of section 4.1 is given by
lim
θL→0
dσphotolab,S
dΩ
=
4Gα
θ 2L
, (6.2)
and arises from the photon pole in figure 4(d). Notice that this behavior differs from the familiar
1/θ 4 small-angle Rutherford cross-section for scattering in a Coulomb-like potential. Rather, this
divergence of the forward cross-section indicates that a long range force is involved but with an
effective 1/r2 potential. This effective potential arising from the γ-pole in figure 4(d), is the Fourier
transform with respect to the momentum transfer q = k f − ki of the low-energy limit given in
Eq. 4.31. Because of the linear dependence in the momenta in the numerator, one obtains∫
d3q
(2pi)3
eiq·r
1
|q| =
1
2pi2r2
, (6.3)
and this result is the origin of the peculiar forward-scattering behavior of the cross-section. Another
contrasting feature of graviton photo-production is the independence of the forward cross-section
on the mass m of the target.
The small angle limit of the gravitational Compton cross-section derived in section 4.2 is given
by
lim
θL→0
dσg−Complab,S
dΩ
=
16G2m2
θ 4L
, (6.4)
where again the limit is independent of the spin S of the matter field. Finally, the photon-graviton
cross-section derived in section 5, has the forward-scattering dependence
lim
θCM→0
dσCM
dΩ
=
32G2ω2CM
θ 4CM
. (6.5)
The behaviors in Eqs. (6.4) and (6.5) are due to the graviton pole in figure 5(d), and are typical of
the small-angle behavior of Rutherford scattering in a Coulomb potential.
The classical bending of the geodesic for a massless particle in a Schwarzschild metric pro-
duced by a point-like mass m is given by b= 4Gm/θ +O(1) [22], where b is the classical impact
parameter. The associated classical cross-section is
dσ classical
dΩ
=
b
sinθ
∣∣∣∣ dbdθ
∣∣∣∣' 16G2m2θ 4 +O(θ−3) , (6.6)
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matching the expression in Eq. (6.4). The diagram in Figure 5(d) describes the gravitational
interaction between a massive particle of spin-S and a graviton. In the forward-scattering limit the
remaining diagrams of figure 5 have vanishing contributions. Since this limit is independent of the
spin of the particles interacting gravitationally, the expression in Eq. (6.4) describes the forward
gravitational scattering cross-section of any massless particle on the target of mass m and explains
the match with the classical formula given above.
Eq. (6.5) can be interpreted in a similar way, as the bending of a geodesic in a geometry
curved by the energy density with an effective Schwarzschild radius of
√
2GωCM determined by
the center-of-mass energy [23]. However, the effect is fantastically small since the cross-section in
Eq. (6.5) is of order `4P/(λ 2 θ 4CM) where `2P = h¯G/c3 ∼ 1.6210−35 m is the Planck length, and λ
the wavelength of the photon.
7. Bending of Light in Classical General Relativity
We close our discussion by examining the process of gravitational light bending and look at
different pictures by which this phenomenon can be discussed. We begin with the standard general
relaticistic derivation. The theory of general relativity encapsulates the theory of gravity in terms
of a simple second rank tensor equation [24]
Rµν − 12gµνR=−
κ2
4
Tµν , (7.1)
where κ2 = 32piG is the gravitational coupling constant, Tµν is the energy-momentum tensor,
gµν = ηµν +hµν , (7.2)
is the metric tensor, and Rµν , R are the Ricci curvature tensor, scalar curvature, which are defined
in terms of hµν as
Rµν =
κ
2
[
∂µ∂νh+∂λ∂ λhµν −∂µ∂λhλ ν −∂ν∂λhλ µ
]
,
R = ηµνRµν = κ
[
2h−∂µ∂νhµν
]
, (7.3)
in the linear approximation. For a spatially isotropic spacetime the invariant time interval dτ is
defined via a metric tensor of the form
dτ2 = gµνdxµdxν = A(r)dt2−B(r)dr2− r2dΩ2 ,
and vanishes in the case of the motion of a massless system such as a photon. We represent the sun
as a simple non-spinning massive object, described by the Schwarzschild metric [25]
A(r) = 1− 2GM
r
, B(r) =
1
1− 2GMr
. (7.4)
The solution for the bending angle is then given by standard methods [24]
θ = 2
∫ 1
0
du√
1−u2− 2GMD (1−u3)
−pi , (7.5)
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where we have defined u= Dr . Here D is the distance of closest approach in Scwarzschild coordi-
nates. The integration in Eq. (7.5) can be performed exactly in terms of elliptic functions, but since
near the solar rim 2GM/D' 10−3 1, we can instead use a perturbative solution
θ = 2
∫ 1
0
du
[
1√
(1−u)(1+u) +
GM
D
1+u+u2√
(1−u)(1+u)3
+
3
2
G2M2
D2
(1+u+u2)2√
(1−u)(1+u)5 + . . .
]
−pi
=
4GM
D
+
4G2M2
D2
(
15pi
16
−1
)
+ . . . (7.6)
However, instead of using the coordinate-dependent quantity D, the bending angle should be writ-
ten in terms of the invariant impact parameter b, defined as
b=
√
B(D)D=
R√
1− 2GMD
= D+GM+ . . . , (7.7)
we have then
θ =
4GM
b
+
15pi
4
G2M2
b2
+ . . . , (7.8)
which is the standard result, together with the next to leading order correction.
8. Quantum Mechanical Scattering Amplitude
Both alternative methods require the quantum mechanical scattering amplitude for the grav-
itational interaction of neutral massive and massless systems. For simplicity we take both to be
spinless and therefore described by the simple Klein-Gordon Lagrangian [26]
L =
1
2
(
gµν∂µφ∂νφ −m2φ 2
)
, (8.1)
so that the energy-momentum tensor is given by
Tµν =
(
2
δ
δgµν
−gµν
)√
−detgL = ∂µφ∂νφ − 12ηµν
(
∂αφ∂αφ −m2φ 2
)
+ . . . (8.2)
The corresponding matrix element is then
< p f |Tµν |pi >= p fµ piν + piµ p fν −ηµν(p f · pi−m2)+ . . . (8.3)
Using the gravitational interaction [27]
Lint =
κ
2
hµνTµν , (8.4)
and the harmonic gauge graviton propagator
Dαβ ;γδF (q) =
iPαβ ;γδ
q2
, (8.5)
23
Illuminating Light Bending Pierre Vanhove
where Pαβ ;γδ = 12(η
αγηβδ +ηαδηβγ −ηαβηγδ ), the lowest order graviton exchange amplitude
for interaction between massive and massless systems described via initial, final energy-momentum
Pi, Pf and pi, p f respectively, becomes (cf. Figure 1)
iM0(q) =
1√
4E fEi
1√
4ε f εi
κ
2
< Pf |Tαβ |Pi > Dαβ ;γδF (q)
κ
2
< p f |Tγδ |pi >
=
κ2
4
(
s2−2s(m2+M2)+m4+M4
q2
+ s−M2−m2
)
, (8.6)
where s = (Pi+ pi)2 = (Pf + p f )2, q2 = (Pf −Pi)2 = (p f − pi)2, and we have divided by the con-
ventional normalizing factors
√
2E for each external scalar field. Working in the rest frame of the
system having mass M, if the light system has mass m, then in the nonrelativistic limit s' (M+m)2
and q0 ' 0 so that
M0(q)'− 14Mm
κ2
4
2M2m2
q2
=−4piGMm
q2
. (8.7)
In Born approximation the transition amplitude is related to the potential via [28]
M0(q) =< p f |Vˆ0|pi >=
∫
d3reiq·rV0(r) , (8.8)
where q = pi− p f . The corresponding gravitational potential is then given by the inverse Fourier
transform
V0(r) =
∫
d3q
(2pi)3
e−iq·rM0(q) =−GMmr , (8.9)
and has the expected Newtonian form. However, if the light system is massless and carries energy
Em, then s=M2+2MEm so that
M0(q)'−8piGMEmq2 . (8.10)
and the gravitational potential becomes7
V0(r) =
∫
d3q
(2pi)3
e−iq·rM0(q) =−2GMEmr (8.11)
Higher order corrections to this lowest order potential can be found by calculating loop effects.
Such calculations have been performed by a number of groups and the next to leading order
(O(G2)) form of the gravitational interaction amplitude has been found to be [30]
M1(q) =−15pi
2G2M2Em
2
√
q2
+ . . . , (8.12)
which will be used below. With these forms in hand, we can now proceed to alternative light
bending calculations.
7Here the factor of two difference between the massless and massive systems under the replacement m → Em
represents the well-known relation between the predicted light bending in the Newtonian and Einstein formulations of
gravity [29].
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9. Geometrical Optics
In section 7 we presented the conventional (particle) derivation of the bending angle, in terms of the
trajectory traveled by photons. In this section we review an alternative approach, presented in [9], to
describe the propagation of light via geometrical optics, wherein the beam travels through a region
defined by a position-dependent index of refraction n(r), in which case we have the equation of
motion [31]
d
ds
n
dr
ds
= ∇n , (9.1)
where r(s) is the trajectory as a function of the path length s. In the case of light ds' cdt and Eq.
(9.1) simplifies to
1
c2
d2r
dt2
=
1
n
∇n . (9.2)
The index of refraction describes the propagation of light when E 6= |p|, and is defined by n =
E/|p|. In our case, as discussed in the previous section, the presence of the gravitational interaction
between photons and the sun leads to a modification of the energy and therefore to an effective
position dependent index of refraction
n(r)' (Em−V (r))/Em = 1− 1EmV (r) . (9.3)
where, for a massless scalar with energy Em interacting with a mass M we found8
V0(r) =−2GMEmr (9.5)
In the absence of a potential (n(r) = 1) consider a light beam incident along the eˆy direction and
with impact parameter b on a massive target located at the origin. The trajectory is then character-
ized by the straight line
r0(t) = beˆx+ cteˆy, −∞< t < ∞. (9.6)
If we now turn on a potential V0(r) the index of refraction is no longer unity and there will exist a
small deviation from this straight line trajectory. Integrating Eq. (9.2) we find
∆
1
c2
dr
dt
=− 1
Em
∫ ∞
−∞
dt∇V0(r) =− 1Em
∫ ∞
−∞
dtV ′0(r)rˆ , (9.7)
so that
1
c
θ ' 1
Em
∫ ∞
−∞
dtV ′0(
√
b2+ c2t2)
b√
b2+ c2t2
, (9.8)
where θ is the bending angle. Now change variables to t = bu/c, yielding
1
c
θ ' b
Em
∫ ∞
−∞
duV ′0(b
√
1+u2)
1√
1+u2
. (9.9)
8This description in terms of a position-dependent index of refraction has been called the optical-mechanical
analogy and is given in terms of [32]
n(r) =
√
B(r)/A(r) = 1+
2GM
r
+ . . . (9.4)
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That is,
θ0 =
b
Em
∫ ∞
∞
du√
1+u2
V ′0(b
√
1+u2) =
b
Em
∫ ∞
−∞
2GEmMdu
b2(1+u2)
3
2
=
4GM
b
, (9.10)
as expected.
The leading correction to Eq. 9.10 arises from the one-loop correction to the potential dis-
cussed above
V1(r) =−
∫
d3q
(2pi)3
e−iq·r
15pi2G2M2Em
2
√
q2
=−15G
2M2Em
4r2
, (9.11)
so the additional bending is given by
θ1 =
b
Em
∫ ∞
−∞
du√
1+u2
V ′1(b
√
1+u2) =
b
Em
∫ ∞
−∞
15G2M2Emdu
2b3(1+u2)2
=
15piG2M2
4b2
, (9.12)
in agreement with the result found by the conventional GR method. We see then that geometrical
optics, in which light is treated in a wavelike fashion, provides and interesting alternative way to
look at the bending process.
10. Small-Angle Scattering (Eikonal) Method
A third approach, , discussed in [9], is to look at the bending in terms of a particle interpretation
but using quantum mechanics rather than classical physics.9 In this method we consider a trajectory
in terms of a series of small angle high energy scatterings of the photons by the sun. In such a
situation the dominant four-momentum transfer is in the transverse spatial directions. For photons
travelling in the z-direction we have p3 = p1+q, so that, squaring, we obtain 0= 2E(q0−qz)+q2.
A similar calculation for the heavy mass gives 0 = −2Mq0 + q2, which tells us that both q± =
q0± qz are suppressed compared to the transverse components q2 ∼ −q2⊥ by at least a factor of
2E. This condition on the overall momentum transfer gets reflected in the same stricture for the
exchanged gravitons, so that the dominant momentum transfer inside loops is also transverse. (In
the effective theory of high energy scattering—Soft Collinear Effective Theory (SCET)—these
are called Glauber modes and carry momentum scaling (k+,k−,k⊥) ∼
√
s(λ 2,λ 2,λ ) where λ ∼√−t/s [34].)
The one-graviton amplitude amplitude in this limit was found above to be
M0(q⊥) =−κ2M2E2
1
q2⊥
. (10.1)
After some work described in Appendix B, the multiple graviton exchanges of this amplitude can
be summed, yielding
M
(1)
tot (q⊥) = (4pi)
2MEm
∑
n
1
n!
(
i
4
κ2MEm
)n n∏
i=1
∫
d2`i
(2pi)2
1
`2i
δ 2(
n∑
j=1
` j−q⊥) , (10.2)
9Note that some previous evaluations which used integration over the calculated cross section accidentally gave the
correct answer in the case of the leading contribution but were incorrect at higher order [27], [33].
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In order to bring this amplitude into impact parameter space, one defines the two-dimensional
Fourier transform, with impact parameter b being transverse to the initial motion.
Mtot(b) =
∫
d2q⊥
(2pi)2
eiq⊥·b M (1)tot (q⊥) . (10.3)
We find then
Mtot(b) = 4MEm
∞∑
n=1
1
n!
(iχ0(b))n = 2(s−M2)
(
eiχ0(b)−1
)
, (10.4)
where χ0(b) is the transverse Fourier transform of the one graviton exchange amplitude
χ0(b) =
1
4MEm
∫
d2q⊥
(2pi)2
eiq⊥·b M0(q⊥)
=−κ
2MEm
4
∫
d2q⊥
(2pi)2
eiq⊥·b
1
q2⊥
=−4κ2MEm
[
1
d−4 − logb+ ...
]
. (10.5)
Only the logb term will be important in calculating the bending angle. If we now transform back
to momentum transfer space via
Mtot(q⊥) =
∫
d2b
(2pi)2
e−iq⊥·bMtot(b) , (10.6)
and perform the impact parameter space integration via stationary phase methods, we find
∂
∂b
(|q⊥|b−χ0(b)) = 0 . (10.7)
Since |q⊥|= 2Em sin θ2 ' Emθ we find
θ0 =
1
Em
∂
∂b
χ0(b) , (10.8)
which yields the lowest order result
θ0 =
4GM
b
. (10.9)
At next to leading order we require the eikonal phase found from the one-loop correction to
massive-massless scattering
χ1(b) =
1
4MEm
∫
d2q⊥
(2pi)2
eiq⊥·b M1(q⊥)
= −
∫
d2q⊥
(2pi)2
eiq⊥·b
15pi2G2M2Em
2|q⊥|
=−15pi
4b
G2M2Em . (10.10)
The stationary phase calculation then yields the correction
θ1 =
1
Em
∂
∂b
χ1(b) =
15piG2M2
4b2
, (10.11)
which once again agrees with the classical result.
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11. Conclusion
In [8] it was demonstrated that the gravitational interaction of a charged spin-0 or spin- 12
particle is greatly simplified by use of factorization, which asserts that the gravitational amplitudes
can be written as the product of corresponding electromagnetic amplitudes multiplied by a universal
kinematic factor. In the present work we demonstrated that the same simplification applies when the
target particle carries spin-1. Specifically, we evaluated the graviton photo-production and graviton
Compton scattering amplitudes explicitly using direct and factorized techniques and demonstrated
that they are identical. However, the factorization methods are enormously simpler, since they
require only electromagnetic calculations and eliminate the need to employ less familiar and more
cumbersome tensor quantities. As a result it is now straightforward to include graviton interactions
in a quantum mechanics course in order to stimulate student interest and allowing access to various
cosmological applications.
We studied the massless limit of the spin-1 system and showed how the use of factorization
permits a relatively simple calculation of graviton-photon scattering, discussing a subtlety in this
graviton-photon calculation having to do with the feature that the spin-1 system must change from
three to two degrees of freedom when m→ 0 and we explained why the zero mass limit of the
spin-1 gravitational Compton scattering amplitude does not correspond to that for photon scatter-
ing. The graviton-photon cross section may possess interesting implications for the attenuation of
gravitational waves in the cosmos [35]. We also calculated the graviton-graviton scattering ampli-
tude.
We discussed the main features of the forward cross-section for each process studied in this pa-
per. Both the Compton and the gravitational Compton scattering have the expected 1/θ 4L behavior,
while graviton photo-production has a different shape that could in principle lead to an interest-
ing new experimental signature of a graviton scattering on matter—∼ 1/θ 2L . Again this result has
potentially intriguing implications for the photo-production of gravitons from stars [36, 37].
Finally, we have reviewed the evaluation of the classical general relativity contribution to the
light bending problem—the deviation angle occurring during the passage of a photon by the rim of
the sun—in three different ways. The result in each case was found to be identical
θ =
4GM
b
+
15piG2M2
4b2
+ . . . (11.1)
What is interesting about these results is that they were obtained using apparently very disparate
pictures.
i) In the first, light is considered from the point of view of photons traversing a classical trajec-
tory in the vicinity of a massive object.
ii) In the second, the propagation of light is determined by standard geometrical optics, in the
presence of an effective index of refraction determined by the effective potential describing
the gravitational interaction of massive and massless systems.
iii) Finally, in the third, standard quantum mechanical scattering methods were used, relating
the massive-massless scalar gravitational interaction to the eikonal phase associated with a
series of small-angle scatterings.
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In the latter two cases, it may seem surprising that a method based on a three dimensional
Fourier transform, yielding an effective index of refraction, yields results identical to those ob-
tained using small angle scattering theory, involving a two-dimensional eikonal Fourier transform.
However, the equivalence is shown in Appendix A to result from a simple mathematical identity.10
What we hope results from this comparison of the various methods is a deeper understanding and
illumination of an important general relativistic phenomenon—that of light bending in the presence
of a gravitational field.
We close by noting that the same method permits the determination of a quantum effect in the
bending angle, with the result [38] (and [39])
θS =
(
8buS+9−48log b
2b0
)
h¯G2NM
pib3
, (11.2)
where buS is a coefficient that depend on the spin S of the massless particle scattered against the
mass stellar object M. The spin dependence of the quantum raises questions about the interpretation
of the equivalence principle at the quantum mechanical level [40, 38, 9] and strongly suggests
additional investigations concerning the nature of the Equivalence principle at the quantum level
that we leave for future work.
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A. Equivalence between eikonal and geometrical optics
In order to provide a general proof of the equivalence between eikonal and geometrical optics
methods, we note that the eikonal phase is, in general, given by
χ(b) =
∫
d2q⊥
(2pi)2
e−iq⊥·bAmp(q2⊥) =
1
2pi
∫ ∞
0
dssJ0(b|s|)Amp(s2) , (A.1)
where Amp(s2) is the photon-mass scattering amplitude. The corresponding contribution to the
lightbending angle is then
θ =
1
Em
d
db
χ(b) =− 1
2piEm
∫ ∞
0
dss2J1(b|s|)Amp(s2) , (A.2)
where we have used J′0(x) =−J1(x).
10We note also that by including additional loop contributions, one can also use these methods to evaluate quantum
mechanical corrections to the bending angle [38, 9]. The origin of such quantum effects can be considered to be zitterbe-
wegung and the feature that the position of the massive scatterer can only be localized to a distance of order its Compton
wavelength—δ r ∼ h¯/m.
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On the other hand, in the geometrical optics method, we use the three-dimensional Fourier
transform
V (r) =
∫
d3q
(2pi)3
e−iq·rAmp(q2) =
1
2pi2
∫ ∞
0
dqq2 j0(|q|r)Amp(q2) , (A.3)
in terms of which the lightbending shift is
θ =− b
2pi2Em
∫ ∞
−∞
du√
1+u2
∫ ∞
0
dqq3 j1(|q|b
√
1+u2)Amp(q2) , (A.4)
where we have noted j′0(x) =− j1(x). Using j1(x) =
√ pi
2xJ 32 (x) we have
θ =− b
2pi2Em
∫ ∞
0
dqq3G(|q|b)Amp(q2) , (A.5)
where
G(|q|b) =
√
pi
2|q|b
∫ ∞
−∞
du
(1+u2)
3
4
J 3
2
(|q|b
√
1+u2) . (A.6)
Changing variables to s=
√
1+u2 so u=
√
s2−1, then du= sds/√s2−1 and
G(|q|b) =
√
pi
2|q|b
∫ ∞
−∞
ds√
s(s2−1)J 32 (|q|bs) . (A.7)
We have [41] ∫ ∞
0
dxJ 3
2
(sx)√
x(x2−1) =
√
pi
2s
(J1(s)− iL1(−is)) , (A.8)
where L1(x) is a modified Struve function and satisfies L1(x) = L1(−x) while J1(x) =−J1(−x) is
the usual Bessel function. . If then we change the integration to the range −∞ to ∞, the Struve
function disappears and we have
G(|q|b) =
√
pi
2|q|b ·
√
2pi
|q|bJ1(|q|b) =
pi
|q|bJ1(|q|b) , (A.9)
whereby
θ =− 1
2piEm
∫ ∞
0
dqq2J1(|q|b)Amp(q2), (A.10)
which is identical to the eikonal result.
B. Graviton Scattering Amplitudes
In this appendix we list the independent contributions to the various graviton scattering ampli-
tudes which must be added in order to produce the complete and gauge invariant amplitudes quoted
in the text. We leave it to the (perspicacious) reader to perform the appropriate additions and to
verify the equivalence of the factorized forms shown earlier.
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B.1 Graviton Photo-production: spin-1
For the case of graviton photoproduction, we find the four contributions, cf. Fig. 4,
Fig.4(a) : Ampa(S= 1) =
κe
pi · ki
(
εi · pi
[
ε∗B · εA ε∗f · p f ε∗f · p f − ε∗B · k f ε∗f · p f ε∗f · εA
− εA · p f ε∗f · p f ε∗f · ε∗B+ p f · k f ε∗f · εA ε∗f · ε∗B
]
+ εA · εi
[
ε∗B · ki ε∗f · p f ε∗f · p f − ε∗B · k f ε∗f · p f ε∗f · ki− p f · ki ε∗f · p f ε∗f · ε∗B
+ p f · k f ε∗f · ki ε∗f · ε∗B
]
− εA · ki
[
ε∗B · εi ε∗f · p f ε∗f · p f − ε∗B · k f ε∗f · p f ε∗f · εi− εi · p f ε∗f · p f ε∗f · ε∗B
+ p f · k f ε∗f · εi ε∗f · ε∗B
]
− ε∗B · ε∗f εA · εi ε∗f · p f pi · ki
)
. (B.1)
Fig.4(b) : Ampb(S= 1) =−
κe
pi · k f
(
εi · p f
[
εA · ε∗B ε∗f · pi ε∗f · pi− ε∗B · pi ε∗f · pi ε∗f · εA
+ εA · k f ε∗f · pi ε∗f · ε∗B− pi · k f ε∗f · εA ε∗f · ε∗B
]
+ ε∗B · ki
[
εA · εi ε∗f · pi ε∗f · pi− εi · pi ε∗f · pi ε∗f · εA+ εA · k f ε∗f · pi ε∗f · εi
− pi · k f ε∗f · εA ε∗f · εi
]
+ εi · ε∗B
[
εA · ki ε∗f · pi ε∗f · pi− pi · ki ε∗f · pi ε∗f · εA+ εA · k f ε∗f · pi ε∗f · ki
− pi · k f ε∗f · εA ε∗f · ki
]
− εA · ε∗f ε∗f · pi ε∗B · εi pi · k f
)
. (B.2)
Fig.4(c) : Ampc(S= 1) = κ e
(
ε∗f · εi(ε∗B · εA ε∗f · (p f + pi)− εA · p f ε∗B · ε∗f − ε∗B · pi εA · ε∗f )
− ε∗B · ε∗f εA · εi ε∗f · pi− εA · ε∗f ε∗B · εi ε∗f · p f + ε∗f · εA ε∗f · ε∗B εi · (p f + pi)
)
, (B.3)
and finally, the photon pole contribution
Fig.4(d) : Ampd(S= 1) =− eκ2k f · ki
×
[
ε∗B · εA
[
ε∗f · (p f + pi)(k f · kiε∗f · εi− ε∗f · ki εi · k f )
+ ε∗f · ki(ε∗f · εi ki · (pi+ p f )− ε∗f · kiεi · (p f + pi))
]
− 2ε∗B · pi
[
ε∗f · εA (k f · ki ε∗f · εi− ε∗f · ki εi · k f )
+ ε∗f · ki (ε∗f · εi εA · ki− ε∗f · ki εi · εA)
]
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− 2εA · p f
[
ε∗f · ε∗B(k f · ki ε∗f · εi− ε∗f · ki εi · k f )
+ ε∗f · ki (ε∗f · εi ε∗B · ki− ε∗f · ki εi · ε∗B)
]]
. (B.4)
B.2 Gravitational Compton Scattering: spin-1
In the case of gravitational Compton scattering—Figure 5—we have the four contributions
Fig.5(a) :Ampa(S= 1) = κ
2 1
2pi · ki
[
(εi · pi)2(ε∗f · p f )2εA · ε∗B
− (ε∗f · p f )2εi · pi(εA · kiε∗B · εi+ εA · εi ε∗B · pi)
− (εi · pi)2ε∗f · p f (ε∗B · ε∗f εA · p f + ε∗B · k f εA · ε∗f )
+ εi · pi ε∗f · p f εi · p f εA · ki ε∗B · ε∗f + εi · pi ε∗f · p f ε∗f · pi εA · εi ε∗B · k f
+(ε∗f · p f )2ε∗B · εi εA · εi pi · ki+(εi · pi)2ε∗B · ε∗f εA · ε∗f p f · k f
+ εi · pi ε∗f · p f (εA · ki ε∗B · k f εi · ε∗f + ε∗B · ε∗f εA · εi pi · p f )
− εi · pi ε∗f · pi ε∗B · ε∗f εA · εi p f · k f − ε∗f · p f εi · p f εA · εi ε∗B · ε∗f pi · ki
− εi · pi εA · ki ε∗B · ε∗f ε∗f · εi p f · k f − ε∗f · p f ε∗B · k f εA · εi εi · ε∗f pi · ki
+ εA · εi ε∗B · ε∗f pi · ki p f · k f εi · ε∗f −m2ε∗B · ε∗f εA · εi ε∗f · p f εi · pi
]
. (B.5)
Fig.5(b) :Ampb(S= 1) =−κ2
1
2pi · k f
[(
ε∗f · pi
)2(εi · p f )2εA · ε∗B
+
(
εi · p f
)2ε∗f · pi(εA · k f ε∗B · ε∗f − εA · ε∗f ε∗B · pi)
+
(
ε∗f · pi
)2εi · p f (ε∗B · kiεA · εi− ε∗B · εi εA · p f )
− ε∗f · pi εi · p f ε∗f · p f εA · k f ε∗B · εi− ε∗f · pi εi · p f εi · pi εA · ε∗f ε∗B · ki
− (εi · p f )2ε∗B · ε∗f εA · ε∗f pi · k f − (ε∗f · pi)2ε∗B · εi εA · εi p f · ki
+ ε∗f · pi εi · p f
(
εA · k f ε∗B · ki εi · ε∗f + ε∗B · εi εA · ε∗f pi · p f
)
+ ε∗f · pi εi · pi ε∗B · εi εA · ε∗f p f · ki+ εi · p f ε∗f · p f εA · ε∗f ε∗B · εi pi · k f
− ε∗f · pi εA · k f ε∗B · εi εi · ε∗f p f · ki− εi · p f ε∗B · ki εA · ε∗f ε∗f · εi pi · k f
+ εA · ε∗f ε∗B · εi pi · k f p f · ki εi · ε∗f −m2ε∗B · εi εA · ε∗f εi · p f ε∗f · pi
]
. (B.6)
Fig.5(c) :Ampc(S= 1) =−
κ2
4
[(
εi · ε∗f
)2(m2− pi · p f )εA · ε∗B
+ εA · p f ε∗B · pi
(
εi · ε∗f
)2
+ εi · pi ε∗f · p f
(
2εi · ε∗f εA · ε∗B−2εA · ε2 ε∗B · ε1
)
+ εi · p f ε∗f · pi
(
2εi · ε∗f εA · ε∗B−2εA · εi ε∗B · ε∗f
)
+2εi · pi ε1 · p f εA · ε∗f ε∗B · ε∗f +2ε∗f · p f ε∗f · pi εA · εi ε∗B · εi
−2εi · pi εi · ε∗f εA · p f ε∗B · ε∗f −2ε∗f · p f εi · ε∗f εA · εi ε∗f · pi
−2εi · p f εi · ε∗f εA · ε∗f ε∗B · pi−2ε∗f · pi εi · ε∗f ε∗B · εi εA · p f
−2(m2− p f · pi)εi · ε∗f (εA · εi ε∗B · ε∗f + εA · ε∗f ε∗B · εi)] , (B.7)
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and finally the (lengthy) graviton pole contribution is
5(d) :Ampd(S= 1) =−
κ2
16ki · k f
[
ε∗B · εA
[(
εi · ε∗f
)2[4ki · pi p f · ki+4k f · pi k f · p f
−2(pi · ki p f · k f + p f · ki pi · k f )+6pi · p f ki · k f ]+4[(εi · k f )2ε∗f · p f ε∗f · pi
+
(
ε∗f · ki
)2εi · pi εi · p f + εi · k f ε∗f · ki(εi · pi ε∗f · p f + εi · p f ε∗f · pi)]
−4εi · ε∗f
[
εi · k f
(
ε∗f · pi p f · k f + ε∗f · p f k f · pi
)
+ ε∗f · ki
(
εi · pi p f · ki+ εi · p f pi · ki
)]
−4ki · k f εi · ε∗f
(
εi · pi ε∗f · p f + εi · p f ε∗f · pi
)−4pi · p f εi · ε∗f εi · k f ε∗f · ki]
− (pi · p f ε∗B · εA− ε∗B · pi εA · p f )[10(εi · ε∗f )2ki · k f +4εi · ε∗f εi · k f ε∗f · ki
−4(εi · ε∗f )2ki · k f −8εi · ε∗f εi · k f ε∗f · ki]+ (pi · p f −m2)[(εi · ε∗f )2(4εA · ki ε∗B · ki
+4εA · k f ε∗B · k f −2
(
εA · ki ε∗B · k f + εA · k f ε∗B · ki
)
+6ε∗B · εA ki · k f
)
+4
[(
εi · k f
)2εA · ε∗f ε∗B · ε∗f + (ε∗f · ki)2εA · εi ε∗B · εi+ εi · k f ε∗f · k f (εA · εi ε∗B · ε∗f
+ εA · ε∗f ε∗B · εi
)]−4εi · ε∗f [εi · k f (εA · ε∗f ε∗B · k f + ε∗B · ε∗f εA · k f )
+ ε∗f · ki
(
εA · εi ε∗B · ki+ ε∗B · εi εA · ki
)
+ ki · k f
(
εA · εi ε∗B · ε∗f + ε∗B · εi εA · ε∗f
)
+ εA · ε∗B εi · k f ε∗f · ki
]]
−2εA · p f
[(
ε∗f · εi
)2[2ε∗B · ki pi · ki+2ε∗B · k f pi · k f
+3ε∗B · pi ki · k f −
(
ε∗B · ki pi · k f + ε∗B · k f pi · ki
)]
+2
(
εi · k f
)2ε∗B · ε∗f ε∗f · pi
+2
(
ε∗f · ki
)2ε∗B · εi εi · pi+2εi · k f ε∗f · ki(ε∗B · εi ε∗f · pi+ εi · pi ε∗B · ε∗f )
−2εi · ε∗f
[
εi · k f
(
ε∗B · ε∗f pi · k f + ε∗f · pi ε∗B · k f
)
+ ε∗f · ki
(
ε∗B · εi pi · ki+ ε∗B · ki εi · pi
)]
−2ki · k f εi · ε∗f
(
ε∗B · εi ε∗f · pi+ ε∗B · ε∗f εi · pi
)−2ε∗B · pi εi · ε∗f εi · k f ε∗f · ki]
−2ε∗B · pi
[(
ε∗f · εi
)2[2εA · ki p f · ki+2εA · k f p f · k f +3εA · p f ki · k f
− (εA · ki p f · k f + εA · k f p f · k f )]+2(εi · k f )2εA · ε∗f ε∗f · p f +2(ε∗f · ki)2εA · εi εi · p f
+2εi · k f ε∗f · ki
(
εA · εi ε∗f · p f + εi · p f εA · ε∗f −2εi · ε∗f
[
εi · k f
(
εA · ε∗f p f · k f
+ ε∗f · p f εA · k f
)
+ ε∗f · ki
(
εA · εi p f · ki+ εA · ki εi · p f
)]
−2ki · k f εi · ε∗f
(
εA · εi ε∗f · p f + εA · ε∗f εi · p f
)−2εA · p f εi · ε∗f εi · k f ε∗f · ki]] . (B.8)
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